Logical Methods in Computer Science 
Vol. 5 (2:6) 2009, pp. 1-21 
www.lmcs-online.org 



Submitted Feb. 21 , 2008 
Published Apr. 27, 2009 



THE OMEGA RULE IS n^-COMPLETE IN THE A/3-CALCULUS 

BENEDETTO INTRIGILA" AND RICHARD STATMAN' 

" Universita di Roma "Tor Vergata", Rome, Italy 
e-mail address: intrigil@mat.uniroma2.it 

Carnegie-Mellon University, Pittsburgh, PA, USA 
e-mail address: rs31@andrew.cmu.edu 



Abstract. In a functional calculus, the so called oj-rule states that if two terms P and 
Q applied to any closed term A'^ return the same value (i.e. PN — QN), then they are 
equal (i.e. P — Q holds). As it is well known, in the A/9-calculus the oj-rule does not 
hold, even when the r;-rule (weak extensionality) is added to the calculus. A long-standing 
problem of H. Barendregt (1975) concerns the determination of the logical power of the 
Lu-Tule when added to the A/3-calculus. In this paper we solve the problem, by showing 
that the resulting theory is Ili-Complete. 



Introduction 

In a functional calculus, the so called w-rule states that if two terms P and Q applied 
to any closed term A'^ return the same value (i.e. PN = QN), then they are equal (i.e. 
P = Q holds). As it is well known, in the A/3-calculus the w-rule does not hold, even when 
the rj-vule (weak extensionality) is added to the calculus. 

It is therefore natural to investigate the logical status of the w-rule in A-theories. 

We have first considered constructive forms of such rule in [7], obtaining r.e. A-theories 
which are closed under the w-rule. This gives the counterintuitive result that closure under 
the w-rule does not necessarily give rise to non constructive A-theories, thus solving a 
problem of A. Cantini (see [3]). 

Then we have considered the w-rule with respect to the highly non constructive A-theory 
7i. The theory Ti. is obtained extending /3-conversion by identifying all closed unsolvables. 
TCuj is the closure of this theory under the u-rule (and /3-conversion) . A long-standing 
conjecture of H. Barendregt ([Ij, Conjecture 17.4.15) stated that the provable equations of 
Tiuj form a Hj;-Complete set. In we solved in the affirmative the problem. 

Of course the most important problem is to determine the logical power of w-rule when 
added to the pure A/3-calculus. 

As in [1], we call Aw the theory that results from adding the w-rule to the pure \(3- 
calculus. In [6], we showed that the \u) is not recursively enumerable, by giving a many-one 
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reduction of the set of true sentences to the set of closed equahties provable in Aw, thus 
solving a problem originated with H. Barendregt and re-raised in [3]. 

The problem of the logical upper bound to Aa; remained open. That this bound is 
Tl\ has been conjectured again by H. Barendregt in the well known Open Problems List, 
which ends the 1975 Conference on "A-Calculus and Computer Science Theory", edited by 
C. Bohm [2]. Here we solve in the affirmative this conjecture. The celebrated Plotkin terms 
(introduced in p!0|) furnish the main technical tool. 

0.1. Remarks on the Structure of the Proof. The present paper is a revised and 
improved version of [9j. It is self-contained, with the exception of some specific points 
where we use results and methods from [6]. Such points will be precisely indicated in 
Section [3] and in Section [H The authors are working to a comprehensive formalism to give 
a unified presentation of all the results. At present, however, this could not have been done 
without great complications. 

To help the reader, we now describe in an informal way the general idea of the proof. 

As already for the result in [6], the proof relies on suitable modifications of the men- 
tioned Plotkin terms. Roughly speaking, Plotkin's construction gives rise, in the usual \l3rj- 
calculus, to pairs of closed terms Pq and Pi such that for every closed term M, PqM and 
P\M are /Jj^-convertible. On the other hand, Pq and Pi are not themselves /3r;-convertible 
(see [U, 17.3.26). 

When we add the w-rule to the A/3-calculus, such terms - suitably modified - become a 
way to express various forms of universal quantification. Intuitively, -Pq a-^d Pi are equal if 
and only if for all M belonging to some given set of terms, PqM and PiM are equal. 

There are two points that must be stressed. 

• First, different quantifiers require different specific constructions of suitable Plotkin terms. 

• Second, to properly use equality between Pq and Pi as a test for quantification, one must 
exclude that PqM = PiM holds for some M not belonging to the set of interest. 

Focusing on the second problem, the technical tool that we have used - both in [6j and in 
the present paper - is to cast proofs in the A/3-calculus with the w-rule, in some kind of 
"normal form". (Observe that, in presence of the w-rule, proofs become infinitary objects.) 
In particular as "normal form" for proofs, we have used in [6] the notion of cascaded proof. 
Here we use the notion of canonical proof introduced in Section [2j In both cases, the 
intuitive idea is to extensively use the cj-rule to limit the use of /3-r eductions. This makes 
the behavior of the (various) Plotkin terms more controllable, which, in turn, makes the 
mentioned problem solvable. It turns out that one cannot use a unique "normal form", or 
at least we were not able to do this. In particular, observe that we need terms for two kinds 
of quantifier: 

• Arithmetical quantification over recursive enumerable sets of terms. 

• One second order universal quantification to express n];-complete problems. 

Different kinds of terms are used to express, via their equality, the two kinds of quantifi- 
cation. So in the present paper we concentrate on canonical proofs. This kind of "normal 
form" is suitable to cope with terms whose equality is used to express a nj;-complete 
problem. It is not suitable, however, to properly control the behavior of terms related to 
first-order quantification. For such terms, we rely on the methods used in [6] for the analysis 
of cascaded proofs. The general scheme of the proof is as follows: 
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• In Section O we introduce the notion of canonical proof and prove that every provable 
equahty has a canonical proof. 

• In Section [3l we introduce suitable Plotkin terms to express quantification over Church 
numerals. 

• In Section m we introduce suitable Plotkin terms to express second order quantification on 
sequences of numbers to reduce the n];-complete problem of well-foundedness of recursive 
trees to equality of terms in the A/3-calculus with the w-rule. 

1. The Lij-RULE 

Notation will be standard and we refer to [Ij, for terminology and results on A-calculus. 
In particular: 

• = denotes syntactical identity; 

• — S-/3, — >rj and — >i3rf denote /?-, r]- and, respectively, /?ry-reduction and — — >* and 
— their respective reflexive and transitive closures; 

• =/3 and =pr] denote P- and, respectively, /^ry-conversion; 

• combinators (i.e. closed A-terms) such e.g. I have the usual meaning; 

• k denotes the kth Church numeral. 

A-terms are denoted by capital letters: in particular we adopt the convention that F, G, 
H, J, M, N , P, Q, . . . are closed terms and U, V, X, Y, W, Z are possibly open terms. 

For a A-term the notion of having order has the usual meaning (pLj 17.3.2). We shall 
also call zero-term a term of order 0. As usual, we say that a term has positive order if it is 
not of order zero. We shall refer to a /^-reduction performed not within the scope of a A as a 
weak (3-reduction. In the sequel, we shall need the following notions. We define the notions 
of trace and extended trace (shortly etrace) as follows. Given the reduction F — >*^^ G and 
the closed subterm M of F the traces of M in the terms of the reduction are simply the 
copies of M until each is either deleted by a contraction of a redex with a dummy A or 
altered by a reduction internal to M or by a reduction with M at the head (when M begins 
with A). The notion of etrace is the same except that we allow internal reductions, so that 
a copy of M altered by an internal reduction continues to be an etrace. 

By A/3 we denote the theory of /3-convertibility (see [I]). The theory \uj is obtained by 
adding the so called uj-rule to A/3, see [Tj 4.1.10. 

We formulate Xto slightly differently. In particular, we want a formulation of the theory 
such that only equalities between closed terms can be proven. Moreover it will be convenient 
to use /Jry-conversion. The so called r/-rule (that is [Xx.Mx) =^ M) obviously holds in Xoj. 
Nevertheless it will be useful to have this rule at disposal to put proofs in some specified 
forms. 

Definition 1.1. Equality in Xlv (denoted by =i_j) is defined by the following rules: 

• /3ry-conversion: 

if M =/3rj N then M =^ N 

• the rule of substituting equals for equals in the form: 

if M =^ iV then PM =^ PN 

• transitivity and symmetry of equality. 
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• the w-rule itself: 

VM, M closed, PM =^ QM 

P =u. Q 

We leave to the reader to check that the formulation above is equivalent to the standard 
one (see Chapter 4 of [T]). 

As usual proofs in \lo can be thought of as (possibly infinite) well-founded trees. In 
particular the tree of a proof either ends with an instance of the w-rule or has an end piece 
consisting of a finite tree of equality inferences all of whose leaves are either I3r] conversions 
or direct conclusions of the w-rule. It is easy to see that each such endpiece can be put in 
the form: 

F =f}r) GiMi =^ G\N\ G2M2 =u) G2N2 =f3j^ . . . GtMt =uj GtNt H 

where M, Ni, for 1 < i < t are direct conclusions of the w-rule. See [8], Section 5, for 
more details. While the context is slightly different, the argument is verbatim the same. 
This is a particular case of a general result due to the second author of the present paper, 
see [12]. Moreover, by the Church- Rosser Theorem this configuration of inferences can be 
put in the form 

F — >*p^ Ji *p^< — GiMi =^ GiNi — J2 *p^< — (1.1) 

*Pr)^ G2M2 =u G2N2 =i3ti >^r) • • • 

■ ■ ■ *pri ^ — GtMt =u) GtNt — >*p^ Jt+l *pn ^ — H 
where Mi =^ Ni, for 1 < i < t, are as above. We shall call the sequence (jl.ip the standard 
form for the endpiece of a proof. 

Since proofs are infinite trees (denoted by symbols T, T' etc.), they can be assigned 
countable ordinals. We shall need a few facts about countable ordinals, that we briefiy 
mention in the following. For the basic notions on countable ordinals, see e.g. |llj . 

(a) Cantor Normal Form to the Base Omega {uj) 

Every countable ordinal a can be written uniquely in the form a;"^ * ni -|- • ■ • -|- w"* * rik 
where ni, . . . , are positive integers and ai > ■ ■ ■ > are ordinals. 

(b) Hessenberg Sum 

Write a = oj"^^ * ni + ■ ■ ■ + * and 7 = a;"^ * mi -!-••• + * mj. where some of 
the Hi and mj may be 0. Then the Hessenberg Sum is defined as follows: a © 7 =def 
* (ni + nil) H h to"'' * (rifc + nik). 

Hessenberg sum is strictly increasing on both arguments. That is, for a, 7 different 
from 0, we have: a, 7 < a © 7. 

(c) Hessenberg Product 

We only need this for product with an integer. We put: a Q n =def «©•••© ot n-times. 

Coming back to proofs, observe first that we can assume that if a proof has an endpiece, 
then this endpiece is in standard form (see above). The ordinal that we want to assign to 
a proof T (considered as a tree) is the transfinite ordinal ord(T), the order of T, defined 
recursively by 
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Definition 1.2. 

• If T ends in an endpiece computation of the form (jl.ip witii no instances of the w-rule 
(t = 0), that is consisting of a unique /3r/-conversion, then ord(T) =def 1; 

• If T ends in an instance of the w-rule whose premises have trees resp. Ti, . then 
ord(r) =def uj^, with 6 = Sup{ord{Ti) • • • © ord(7;) : i = 1, 2, . . . }; 

• If T ends in an endpiece computation of the form (jl.ip . with t > instances of the 
w-rule, and the t premises Mi =^ Ni, . . . , Mt =uj Nf have resp. trees Ti, . . . then 
ord(T) =def 1 ord(Ti) ord^Ta) ■ ■ • ord(7^). 

Here is the Hessenberg sum of ordinals defined above. 

We shall need also the following notion. 

Definition 1.3. If T ends in an endpiece computation of the form (jl.ip . with t > instances 
of the w-rule, and the t premises Mi A''i, . . . , Mt =ui Nt have resp. trees Ti, . . . ,% then 
rank{T), the rank of T, is the maximum of ord('7i), ord(72), . . . , ord(7f). 

We need the following propositions. 

Proposition 1.4. // T ends in an endpiece computation of the form with t > 0, and 

the equations Mi =^ Ni,. . . , Mt Nt, have resp. trees Ti, . . . ,% then ord(T) > ord(7^), 
for each i = 1, . . . ,t. 

Proof. ord(7i) > and is strictly increasing on its arguments. □ 

Proposition 1.5. Assume that T ends in an instance of the to-rule whose premises have, 
respectively, trees Ti, . Then for any integers t,ni, . . . ,nt, 

ord(T) > ord(Ti) ni © • • • © ord(7^) nt . 
Proof. Let ord(7i) = Oj, for 1 < i <t and put all ai, . . . ,at into Cantor normal form: 

ai = io'^^ * nil + • • • + u;^'' * nik ... at = uj^^ *nti + • • • + uj^^ * ntk ■ 
Let n = max{n,f., njj} + 1, with j,r = 1 . . . t and i = 1 . . . k . Then 

ord(ai) ni © ■ ■ • © ord(at) Qut < ord(ai) n • • • © ord(af) n 

= {ai®---®at)Qn 
< uj^'^ *n*k*t*n . 

Now let = Sup{oTd{Ti) © • • • © ord(7;) -.1 = 1,2,...}. We have < 6* < = ord(T). 
But ord(T) is a countable ordinal of the form u;'^ and is thus closed under addition. Hence 
cj^i *n*k*t*n< ord(T). This ends the proof. □ 

Remark 1.6. Since for proofs T we shall mainly use ord(T), we sometimes refer to ord(T) 
simply as the ordinal of the proof T. 

2. Canonical Proofs 
We want to show that proofs in Xlo can be set in a suitable form. 

Definition 2.1. We say that M has the same form as N iff 

• in case of = Xyi . . . yn.YLi . . . Lm, where Y begins with A, we have 
— M = Xyi . . . yn.ZPi . . . P^, where Z begins with A, 
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- Ayi . . . yn-Y \yi . . . yn-Z , 

— and for every i with 1 < i < m, 

Xyi... Vn-Li =^ Xyi... Vn-Pi , 

where possibly n = 0; 
• in case of = Ayi . . . yn.yjLi . . . L^, we have 

- M = Xyi... yn-yjPi ■■■Pm, 

— and for every i, with 1 < i < m, 

Xyi... yn-Li =uj Xyi... yn-Pi ■ 

Recall that a set X of closed terms, is cofinal for /3?7-reductions, if every closed term M 
has a /3?7-reduct in X. 

Definition 2.2. We say that a set X of closed terms is supercofinal if it is cofinal and 
contains all the terms that do not reduce to a zero-term. 

Remark 2.3. In the previous Definition, observe that, due to the cofinality of X, if a term 
reduces to a zero-term then it reduces to a zero-term which is in X. 

In the following, let be a specified supercofinal set. 

Definition 2.4. An endpiece in standard form 



* TT * 


- GiMi 


=0. GiA^i 


* TT * 

^Pr, -"2 /3j7-* 






* 


- G2M2 


=c. G2N2 


=l3r, ^*/ir, ■ ■ ■ 




(2.1 


* 

• • • 3ri ^ 


-GtMt 


=u GtNt - 


* TT * 


-F' 





is called an X -canonical endpiece (or, when X is clear from the context, simply a canonical 
endpiece) iff 

(1) for every i, i = 1, . . . ,t + 1, the confluence terms Hi belong to X; 

(2) for every i, i = 1, . . . ,t + l, there exist terms Y, Li, . . . , Zi . . . Zn (possibly different 
for different i) such that Gi has the form 

Gi = Xx.Xyi . . . yn.{{Xy.Y)Li . . . Lm)Zi . . . Z^ , 

and such that the following holds: 

(a) (Conditions on the Left Facing Arrows) 

for every i, i = 1,... ,t, the sequence of left reductions 

*Pt}* — GiMi 

has the following structure: 

— a one step /3-reduction of the form 

[Mi/x]iXyi . . . yn.{{Xy.Y)Li . . . . . . Z„) GiMi 

— followed by a sequence of non-head /3-r eductions, 

— followed by a sequence of 77-reductions. 

(b) (Condition on the Right Facing Arrows) 

for every i, i = 1, . . . ,t, the sequence of right reductions 

GiNi — Hi^i 



THE OMEGA RULE IS -COMPLETE 



7 



has the following structure 

G^Ni [Ni/x]{Xyi . . . yn.{{\y.Y)Li . . . Lm)Zi . . . Z„) 

-^l^ Xyi... yn.[Ni/x]{Xy.Y)[N,/x]Li . . . [Ni/x]Lm)yi ...yn) 
[Ni/x]{Xy.Y)[Ni/x]Li . . . [N,/x]L^ 

JoJl ■■■Jm *l3ri ^i+l 

where 

the /37y-normal form of [Ni/x\Xy.Y if exists; 
[Ni/ x\Xy.Y otherwise. 

and for k = 1, . . . ,m 

the /?r/-normal form of [Ni/x]Lk if exists; 
[Ni/x]Lk otherwise. 







Jk 



In the following definition, recall that an endpiece can be considered as a finite tree of 
equality inferences. 

Definition 2.5. Given the supercofinal set X, the notion of X -canonical proof is defined 
inductively as follows. 

• A /3ry-conversion is X -canonical if the confluence term belongs to X. 

• An instance of the w-rule is X -canonical if the proofs of the premisses of the instances 
are A:'-canonical. 

• Otherwise a proof is canonical if its endpiece is an <Y-canonical endpiece and all the proofs 
of the leaves which are direct conclusions of the w-rule are <Y-canonical. 

Proposition 2.6. For every supercofinal set X, every provable equality M =^ N has an 
X -canonical proof. 

Proof. Let X be fixed. We prove this proposition by induction on the ordinal ord(T) of a 
proof T of M =^ N. For the basis case just suppose that M N and use the Church- 
Rosser theorem. 

For the induction step we distinguish two cases. 

First Case. M =^ N is the direct conclusion of the w-rule. This follows directly from 
the induction hypothesis. 

Second Case 2. T has an endpiece of the form 

M — Hi — GiMi =^ GiNi — H2 — 

*(jri*- G2M2 =u G2N2 =i3ri • • • (2-2) 

■ ■ ■ ^ — GtMt =u) GtNt — >*p^ Ht+i < — 

where, for each i = 1 . . .t, Mi Ni is the conclusion of an instance of the w-rule. 

Observe that, without changing the ordinal of the proof, we can assume that every Hi, 
with 1 < i < t + 1, is in ^. 

Consider the first component of the endpiece (j2.2p 

M Hi GiMi =^ GiNi 

Let (7 be a standard /^ry-reduction GiMi — Hi, with all the //-reductions postponed. 
We have now different subcases. 
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First Subcase. No etrace of Mi appears in functional position in a head redex neither 
in the head part of a, nor in Hi itself (that is Hi has not a head redex of the form (Xx.U)V, 
with Xx.U an etrace of Mi). 

In this case, the same head reductions can be performed (up to a substitution of Mi 
by A''!) in the GiNi side. Thus simply replacing Gi, we may freely assume that this head 
part is missing at all and thus a is composed only of non-head /^-reductions followed by 
r^-reductions. Moreover, by our hypothesis, we can also assume that Gi has not the form: 
Xxyi...yp. xYi---Yg. 

Moreover we can also assume that Gi begins with a A. For otherwise, assume that in 
the head part of a, a A never appears at the beginning of the reducts of Gi. Therefore all 
the reduction a is internal to Gi and Mi, and this implies that Hi has the form G'iM[, 
where Gi /Sry-reduces to G'l and Mi /Jry-reduces to M[, respectively. Thus, replacing Gi 
with Xx.G'iX, we obtain a term of the required form. 

On the GiNi side, the Conditions on the Right Facing Arrows may require a reduction 
of GiNi to a suitable term H~^. 

By the Church-Rosser Theorem and the cofinality of X, let H he a term in X, which 
is a common reduct of H~^ and H2. Now, there exists a proof T' of H =^ N, with 
ord(T') < ord(T) (where N is the final term of the endpiece (|2.2|) ). Thus by induction 
hypothesis there exists a canonical proof Ti of H N. Now, the required canonical proof 
is obtained by concatenating the component 

M — Hi — GiMi =^ GiNi — >*p^ H ; 

with Ti. 

That this concatenation results in a canonical proof can be easily checked in case Ti 
ends in an instance of the w-rule as well as in case Ti ends in an endpiece. 

Second Subcase. Assume that: 

• an etrace of Mi appears in functional position in a head redex of the head part of a, or 
in Hi itself; 

• a A appears at the beginning of some term in the head part of a. 

Thus we have GiMi — Xu.U — Hi, for some U. For any closed term R, consider 
the reduction: 

GiMiR {Xu.U)R ^pr, [R/u]U H' . 

Here H' is \Rlv\Hi. This can be done for every A appearing in the head part of a. Thus 
for each choice of closed Ri . . . Rn we have a standard /377-reduction cr' of GiMii?i • • • i?„ to 
a term H'\ which is Hi with each abstracted variable Uj substituted by the corresponding 
closed term Rj (unless this variable has been eliminated by r/-reduction: in this case the 
resulting term is applied to Rj). 

Now, being X supercofinal, either H" is in X or H" /3r/-reduces to a zero-term H^ 
in X, by a reduction cr" . In this reduction some new A may appear at the beginning of 
the term (since we have also r/-reductions), and we treat this A as before, by applying all 
the terms in the reduction some other R. Thus we extend the sequence Ri . . . Rn to a new 
sequence Ri . . . Rn, R'l . . . R'^. Since H^ is a zero-term all the external A appearing in a" are 
eventually eliminated by 77-reductions. Therefore, starting from H"R[ ■ ■ ■ R'^ and applying 
the reductions in a", we obtain the term H^R[ ■ ■ ■ R'^. Now H^R'i ■ ■ ■ R'^ is a zero-term, so 
that if it is not in X, the reduction to a suitable term in X adds no new As at the beginning 
of the term. So, without loss of generality we can assume that H" is in A", and that <t' is a 
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standard /3ry-reduction of GiMiRi . . . Rn to H" , such that no term in the head part of a' 
begins with A. 

Now in the head reduction part of a' , we come to a term V with a head redex of the 
form: {Xu.W)U, where Mi — Xu.W. Let V = {Xu.W)UUi ■■■U^, we write V in the 

form {Xu.W)[Vi/xi, . . . , Vrj^/xri]Xi, showing all the etraces Vi, . . . , Yr^ of M\ in Y . Then 

Mi[iVi/xi, . . . , A^i/x^jXi =^ A^i[A^i/xi, . . . , iVi/x,jXi (*) 

has a proof with ordinal (much) less than ord(T). Now, consider the component 

Mi?i ...Rn H" Mi[Mi/xi, Mi/xr,]Xi =^ Mi[Ni/xi, Ni/xr,]Xi 

The reduction Mi[Mi/xi, . . . , Mi/x^jXi — H" has a head part shorter than a'. 
Thus, iterating the previous transformation for each occurrence Mi in functional posi- 
tion in the head reduction part of a' , we arrive to a final sequence of terms X s such that 
Mi[Mi/j;i, . . . , Mi/xrg]X s is the last such occurrence of Mi. Therefore, for what concerns 
the component 

Mi?i ...Rn H" ^ Ml [Mi/xi, . . . , Mi/xrSXs =^=^ Ml [Ni/xi, A^i/x,jX, 

we can argue as in the First Subcase above. 

On the right hand side, observe that the iteration of the previous argument gives rise 
to a chain of equalities (where for simplicity, we do not consider reduction internal to Mi; 
this does not affect the argument) 

iVi[iVi/xi, . . . , Ni/Xr,]Xl =^ NRi... Rn 

Ni [iVi /xi , . . . , A^i /Xr, ]Xl=^Mi[N,/xi,..., A^i /Xr, ] X 1 

Mi[Ni/xi,...,Ni/xr,]Xi =^ Mi[Mi/xu...,Mi/xr,]Xi 

Mi[Mi/xi, . . .,Mi/Xr,]Xi Mi[Mi/xi, . . .,Mi/Xr,]X2 

Mi[Ni/xi, . . . , Ni/XrAXl -^*firj Ni[Ni/xi, . . .,Ni/Xr,]X2 
Mi[Mi/xi, . . .,Mi/Xr,]X2 Mi[iVi/xi, . . . , Ni/XrSX2 
Mi[Ni/xi,...,Ni/XrSX2 =0. iVi[iVi/xi,...,A^i/x,2]X2 

A/i[iVi/2;i, . . . , Nxjxr^X, =^ Ni[Ni/xi, . . .,Ni/xrSXs 
From this chain, by Proposition 11.51 of Section [H one obtains a proof of 

Mi[iVi/xi,...,iVi/x,jX, =^ NRi...Rn , 

with an ordinal less than ord(T). We can also substitute Mi[A^i/xi, . . . ,Ni/xr^]X g with 
a suitable reduct H, meeting both the Conditions on the Right Facing Arrows w.r.t. 
Mi[Ni/xi, . . . ,Ni/xr^]X s and the cofinality condition w.r.t. X. Still, H =^ NRi...Rn 
has a proof with ordinal less than ord(T). Thus by induction hypothesis there exists a 
canonical proof Ti oi H =^ NRi . . . R^. 
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Now, we can concatenate the component 

MRi ...Rn H" {Xx.Mi[x/xi, . . . , x/x,jX,)Afi =^ 

=^ {Xx.Mi[x/xi, . . . ,x/xrjXs)Ni — H ; 

with Ti. That this concatenation results in a canonical proof can be easily checked in case 
Ti ends in an instance of the w-rule as well as in case Ti ends in an endpiece. 
Thus we have proved the following: 

for every . . . -Z^^, there exists a canonical proof of ]\dR\ . . . R^^ — ij NR-i . . . Rn- 
Now, n applications of the w-rule give the required canonical proof of M =^ N . 
Third Subcase. 

• an etrace of Mi appears in functional position in a head redex of the head part of cr, or 
in Hi itself; 

• no A appears at the beginning of some term in the head part of a. 

This case can be treated as the previous one, with the difference that the resulting canonical 
proof ends in a canonical endpiece, rather than in an instance of the w-rule. □ 

We shall need the following result on ,^-canonical proofs. 

Proposition 2.7. Let T he an X -canonical proof of M =^ N ending in an endpiece. Then 
for every sequence of terms Pi, ... , Pm, there exist terms Ri, . . . , Rn such that the equality 
MPi ■ ■ ■ PmRi ■ ■ ■ Rn =u) NPi ■ ■ ■ PmRi ' ■ ■ Rn has an X -canonical proof Ti, also ending in 
an endpiece, with rank{Ti) = rank(T). 

Proof. Assume that T has an endpiece of the form: 



M - 


* TT * 


- GiMi 


=u. GiNi 


* TT * 










- G2M2 


G2N2 


=l3rj ^*prj ■ ■ ■ 




(2.3) 




• • • /3r, ^ 


-GtMt 


GtNt - 


* TT * 


- N 





where, for each i = 1 . . .t. Mi =^ Ni is the conclusion of an instance of the w-rule. 

We argue by induction on t. Assume t = \. Consider the first (and unique) component 
of the endpiece (|2.3p 

M Hi ^ GiMi GiNi 

Let Pi, ... , Pm be given. We have two cases. 

First Case. HiPi ■ ■ ■ Pm is in X. In this case, the component can directly be trans- 
formed into a component of the right form, using the equality {Xx.{G'i[x]Pi ■ ■ ■ Pm))Mi =^ 
{{Xx.G'i[x]Pi ■ ■ ■ Pm))Ni, where the applicative context G']^[ ] is Gi [ ], that is Gi applied to 
the hole [ ]. 

Second Case. HiPi ■ ■ ■ Pm is not in X. In this case, HiPi ■ ■ ■ Pm reduces to a suit- 
able zero-term H' in X. To obtain a component of the right form, we have to transform 
{Xx.{G'i[x]Pi ■ ■ ■ Pm))Mi as in the proof of the previous proposition. This can be done - 
as shown in the second subcase of such proof - at the cost (in the worst case) of applying 
{Xx.{G'i[x]Pi ■ ■ ■ Pm))Mi to a sequence Ri, . . . , Rn of terms and introducing some additional 
leaves each one of ordinal not greater than the one of Mi =^ Ni . 

Hence the result follows for t = \. Now assume t > 1. Let Pi,. . . ,Pm be given. By 
induction hypothesis, for some Ri,... ,Rn there is a proof with an endpiece of rank less 
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or equal to rank{T) of GiNiPi ■ ■ ■ PmRi ■ ■ ■ Rn -^^-Pi • • • PmRi ■ ■ ■ Rn- Now consider the 
first component of the endpiece (|2.3p 

M Hi GiMi =^ GiiVi 

Again we have two cases. 

First Case. HiPi--- PmRi ---R n is in X. In this case, the component can directly be 
transformed into a component of the right form, using the equality 

iXx.{G[[x]Pi ■ ■ ■ PraRl ■ ■ ■ Rn))Mi =c. (Ax.(G'i [x]Pi • • • PmRi ■ ■ ■ Rn))Ni 

for a suitable applicative context G'i[ ]. 

Second Case. HiPi ■ ■ ■ PmRi • • • Rn is not in X. In this case, HiPi ■ ■ ■ PmRi • • • Rn 
reduces to a suitable zero-term H' in X. To obtain a component of the right form, we 
have to transform {\x.G'i[x\Pi ■ ■ ■ Pm)Mi as in the proof of the previous proposition. This 
can be done - as shown in the second subcase of such proof - at the cost (in the worst 
case) of applying {\x.{G'i[x]Pi ■ ■ ■ PmRi ■ ■ ■ Rn))Mi to a sequence R[, . . . , i?^ of terms and 
introducing some additional leaves each one of ordinal not greater than the one of Mi =^ Ni . 

Now again by induction hypothesis there exist i?", . . . such that there is a proof 
with an endpiece of rank less or equal to rank{T) of 

GiA'^iPi • • • PmRi ■ ■ ■ RnR'i ■ ■ • R'kR'i ' ' ' R's ■ ■ ■ PmRi ■ ■ ■ RnR'i • • • R'kR'l ' ' ' R's ■ 

Observe now that since H'R'^ ■ ■ ■ R'^ is a zero-term, we can obtain a term in X which is a 
reduct of H'R'i ■ ■ ■ R'j^R'l ■ ■ ■ R's without introducing new As but (possibly) only other leaves 
each one of ordinal not greater than the one of Mi Ni . 

So in both cases, the result follows. □ 

3. Plotkin Terms 

Recall that M, N, P, Q always denote closed terms. Let \M~\ denote the Church 
numeral corresponding to the Godel number of the term M. We can of course require that 
any term occurs infinitely many times (up to w-equality) in the enumeration. By Kleene's 
enumerator construction (pLj 8.1.6) there exists a combinator J such that J[M] /3-converts 
to M, for every M. 

The combinator J can be used to enumerate various r.e. sets of closed terms. In particular, 
let X he a, r.e. set of terms, and let Tx be a term representing the r.e. function that 
enumerates X. Set E = Xx.J{Txx). It is well known that we can assume that E is in 
/3r7-normal form. We call E a generator of X. As usual we shorten En with E„. We also 
suppress the dependency of E from J and X, when it is clear from the context. 
Now, by the methods of proof used in [6j, which make use of modified forms of the cele- 
brated Plotkin terms ([1] 17.3.26), one can prove the following: 

Lemma 3.1. Given a r.e. set of terms X and a generator E of X, there exists a term H 
such that for every M the following holds 

HBo =^ HM iff for some k, M =^^k ■ □ 

Remark 3.2. The Lemma's proof is identical to the proof of Proposition 5 of [6], and 
consists of two parts: 
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(1) to show that if M =^ E^, for some k, then H'Eq =^ HM] this is done by the standard 
argument based on the structure of Plotkin terms; 

(2) to show that if M E^, for every k, then H'Eiq HM; this difficult point requires 
a detailed analysis of proofs in Au;, as formulated in [6J; this analysis is done in [6j and 
is based on casting such proofs in a suitable normal form, called in [6] cascaded proofs. 

The proof of the following result has the same structure. We define suitable Plotkin terms, 
which makes the "if part" easy to check, and we rely on the analysis based on cascaded 
proofs for the "only if part". As the external structure of the involved Plotkin terms is 
the same (zero-terms obtained by applying suitable /Jry-normal forms to other /Jry-normal 
forms), the proof strictly follows the pattern of the proof of Proposition 5 of [6] and is 
omitted. 

Proposition 3.3. There exist two terms Hi and H2 such that for every M 

HiM =^ H2 iff for all k, M k . 
Proof. In [6], we constructed Plotkin terms P and Q such that for every n 
^ „ ... n is the Godel number of a closed term 

iTi (rJTl III 

— ^— which does not /Jr^-convert to a Church numeral. 

Now, let the Plotkin terms F and G be such that 

F„G„MMiM2 -^,3 Fn{Fn+iGn+iM{n,M,Pn){n,Jn,Qn))nnfl (3.1) 

where ft = {\x.xx){Xx.xx) and, as usual, the notation {Xi, X2, X3) stands for Church 
triple, i.e. {Xi, X2, X^) = Az. 2X1X2X3, and 

Gn — >/3 Fn+iGn+iiJn){n, Jn, Qn){n, Jn, Qn) (3.2) 

Claim. We claim that for every M 

FqGqMMM =^ FoGonnn m for all fc, M y^^k. 

To prove the claim, we first show that for every k 

FoGoftftft =uj Fq{Fi{. . . {FkGk^nn) . . . )nnn)nnn. (3.3) 

Indeed, let k be fixed. Then there exists a /c' > 1, such that J( fc + k' ) Q,. Then, since 
^ i^uj n for every n, we have that 

(k + k' ,ft,P( k + k' )) =^ ( k + k' ,J( k + k' ),Q( k + k' )) 

and (repeatedly applying (j3.ip ) both terms of equation (j3.3p are Aw-equal to 

Fo(Fi(. . . {FkiFk+ii. . . (Fk+k'iFk+k'+iGk+k'+i^( k + k' , P( k + k' )) 

( k + k' , 3( k + k' ), Q( k + k' )))ftftft) . . . )ftftft)nnn) . . . )ftftft)ftftft =^ (by (fOl ) 

=0; Fo{Fi{. . . {Fk{Fk+i{- ■ ■ {Fk+k'Gk+k'^^^) ■ ■ ■ )ftftft)nftn) . . . )ftftft)nnn . 

Assume that M is such that for all n, M n. Let k such that M =^ Jk. By hypothesis, 
{k,M,Pk) =^ {k,Jk,Qk). It follows that 

FqGqMMM =^ Fq{Fi{. . . (FfcGfcfinn) . . . )nnn)nnn =^ FoGofififi . 
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Now assume that M is such that for some n, M =^ n. It follows that, for every k, 
{k, M, Pk) {k, Jk, Qk) and, roughly speaking, in the term FqGqMMM , M can never 
be eliminated by G. A formal proof argues by contradiction on a cascaded proof of 

FoGqMmm =^ FoGoftnn . 

This ends the proof of the claim. 
Now define 

Hi = Xx.FqGqxxx and Ha = FoGoftflfl . □ 



We shall make extensive use of terms Hi and H2 in the following Section. 



4. Barendregt Construction 

In the present Section, we shall make use of the Proposition 4 of [S], that we restate 
here for the sake of the reader. 

If M =uj N and M has a Prj-normal form then N has the same normal form. Therefore 
two Pr]-normal forms equalized in XPio are identical. 

We make the following definitions, which will hold in all the present and the next 
Section: 

Definition 4.1. 

(1) = {Xab.b{aab)){Xab.b{aab)) (Turing's fixed point). 

(2) W = Xxy.xyy 

(3) L = {Xxyz.Xabc.xy{z{yc))bac) 

(4) F = ©LHi = {Xab.b{aab)){Xab.b{aab)){Xxyz.Xabc.xy{z{yc))bac)Hi 

(5) G = eWHa = iXab.b{aab)){Xab.b{aab)){Xxy.xyy)U2 

Observe: 

(i) G — >f3^ (A5.5(06))WH2 (ii) FZABC — {Xb.b{@b))\AlrZABC 
— >Pn W(0W)H2 — L(0L)HiZASC 

— 0WH2H2 = GH2 — {Xyz.Xabc.e'Ly{z{yc))bac)iiiZABC 

— >(3r, (Az. Aa6c.0LHi {z{'Hic))bac)ZABC 
— >f3n {Xabc.GLUi{Z(H.ic))bac)ABC 
— >f3^ (A6c.0LHi(Z(Hic))6Ac)BC7 
— >fir^ (Ac.0LHi(Z(Hic))B^c)C 
— 0LHi(Z(HiC))5^C = FZ*BAC 
where we have shortened Z(HiC) to Z* . 

Let gk be the cofinal Gross-Knuth strategy defined in [1] 13.2.7. By writing gk{M), we 
mean the term obtained by starting with the term M and applying (once) the gk strategy. 
Then the reduction sequences 

G G{gk{Yi2)) GH2(<7MH2)) 

-^l^ G(5fe(H2))(5A;(5MH2)))) • • • 



14 



B. INTRIGILA AND R. STATMAN 



FZABC F{gk{Z*)){gk{B)){gk{A)){gk{C)) 

F{gk{{gk{Z*)Y)){gk{gk{Amgk{gk{Bmgk{gk{C))) ■■■ 

(where again the notation X* is a shortening of X(HiC)) are cofinal for /^ry-reductions 
starting with G and, respectively, with FZABC. 

Let P be the initial term or an intermediate term of the reduction sequence of the form 
()4.ip . we indicate by gk{P) the first term in the sequence, which has the form displayed in 
(|4.ip . obtained from P by the reductions in (|4.ip . 

Similarly, if P is the initial term or an intermediate term of a reduction sequence of the 
form (f42]l . starting from FM1M2M3M4, for some Mi,M2,Ms,M4, we indicate by ^{P) 
the first term in the sequence, which has the form displayed in ()4.2p . obtained from P by 
the reductions in (14. 2p . 

Now, we choose the cofinal set X as follows: for every closed term M, 

• if M /377-reduces, by the leftmost outermost reduction strategy, to a term of the form 
PNi ■ ■ ■ Nis, where P is a term of the sequence (|4.ip then gk(P)gk{Ni) ■ ■ ■ gk{Nk) is the 
reduct of M in A'; 

• if M /3ry-reduces, by the leftmost outermost reduction strategy, to a term the form 
PNi ■ ■ ■ Nk, where P is a term of a sequence ()4.2p . starting from FM1M2M3M4, for 
some Ml, M2, M3, M4, then 

lik{FMiM2M^M4)gk{Ni) ■ ■ ■ gk{Nk) 

is the reduct of M in A"; 

• M is in r^", otherwise. 

Observe that we use the leftmost outermost reduction strategy, since it is cofinal (see 
[I], 13.1.3). The following Lemma is immediate. 

Lemma 4.2. X is supercofinal. □ 

Lemma 4.3. // GMi . . . =^ GNi . . . Nm then, for each k, I < k < m, Mk =uj N^- 

Proof. By induction on the ordinal of a canonical proof T of GMi . . . Mm =w GN\ . . . Nm- 
Basis: ord(T) is 1. This case is clear since G is of order 0. 
Induction step: 

Case 1. T ends in an application of the w-rule. Apply the induction hypothesis to the 
subproof of GMi . . . M^I =^ GNi . . . iV„I. 
Case 2. T has the endpiece 

GMi . . . Mm — Ri < — -^^iPi =uj LiQi — ^*pn ^2 *p-ri ^ — L2P2 =u) L2Q2 

^Pri ■ ■ ■ ^*Pri Rt+l prj ^ GNi . . . Nm ■ 

Since T is canonical, every term Ri, with 1 < i < t + 1, has the form 

0Wif*i H* M*i M* 

where H* ■ H2, for j = 1, . . . , nj, and M*^ =^ M^ for = 1, . . . , m. Since G is of order 
0, we must also have M^*^! ^ —^^ Nk ior k = 1, . . . ,m. This completes the proof. □ 
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By an inspection of the proof of the previous Lemma, the following stronger result can 
be obtained. 

Lemma 4.4. Assume that GMi . . . =^ GNi . . . Nm has a canonical proof T . Then for 
each k, 1 < k < m, there is a canonical proof Ti. of =u} N^, with the ordinal of not 
greater than the ordinal of T . □ 

For the proof of the following Lemma, we need Proposition 4 of [6], stated above. 



Lemma 4.5. Suppose that: 

• FLiPiQinMi ...M^=^ FL2P2Q2nNi . . . 

• Li =^ G(Hin) . . . (Hin), k times; 

• L2 =u} G(Hin) . . . (Hin), / times. 

Then either Pi =^ P2,Qi =oj Q2 dnd k = 
I + 1 mod2, where, possibly, k = or I = 0. 



I mod 2 or Pi =^ Q2, Qi =u) P2 oind k = 



Proof. By induction on the ordinal of a canonical proof of 

FLiPiQinMi ...Mm=u> FL2P2Q2nNi ...Nm 

Basis: The ordinal is 1 and we have a /?r/-conversion. Use a standard argument, taking 
into account that by Proposition 13.31 the copies of H2 are distinct, w.r.t. w-equality, from 
the copies of Hin. Therefore the /^-reduction of G cannot affect the count of the copies of 

Induction step: 

Case 1. The proof ends in an application of the w-rule. Just apply the induction hypothesis 
to any of the premises. 

Case 2. The proof has a canonical endpiece beginning with a component 

FLiPiQinMi ...Mm -^^^ H LQ =^ LR H+ . 

Now H has the same form as FLiPiQinMi . . . Mm by the choice of the cofinal set. W.l.o.g. 
we can assume that the reduction from FLiPiQinMi . . . Mm to is a standard /^-reduction 
followed by a sequence of 77-r eductions. The 8 term head reduction cycle of F with 4 
arguments must be completed an integral number of times to result in a term which 77- 
reduces to one with F at the head. Suppose that this cycle is completed s times. Let 
r = k + s. 

On the other hand, since the endpiece is canonical L, after a sequence (possibly empty) 
of r/-reductions, reduces to a term of the form 

Xz.XQX2X-iX/iX^XQX-jX^Yi . . .Ym 

where Xq = Xx.Xi. Indeed, the form of the external structure of H must be 

y' yl yl yl yi y' yi y' v' 

since this is the form of any term, in the cofinal sequence, starting from FLiPiQinMi . . . Mm- 
Therefore L must have the form 

Xz.XQX2X'iX/iX^yXQX-jX^Yi . . .Ym , 

since we have to obtain H by internal reductions and Q is not substituted for a variable in 
functional position in a head redex. It follows, using for some items Proposition 4 of [B], 
that: 
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• [Q/z\Xq — Xab.b{aab) (since Xab.b{aab) is in /3r/-normal form); 

• [Q/z]X2 Xab.b{aab); 

• [Q/^]-^3 — ^*pn ^ (since L is in /Jry-normal form); 
. [Q/z]Xi =^ Hi 

• [Q/z]X5 =^ GH2 . . . H2(Hin) . . . (Hin), 

with t occurrences of H2, due to the possible /3-reduction of G, and r occurrences of Hin, 
since we have started with k copies of Hin, and each reduction cycle of F adds a copy. 

• [Q/z]Xq Pi if s = mod 2 or 

[Q/z]Xq =^ Qi if s = 1 mod 2, 

this item, and the following one, results from the fact the each reduction cycle of F 
interchanges Pi and Qi; 

• [Q/z]X7 =^ Qi if s = mod 2 or 
[Q/z]X7 =^ Pi if s = 1 mod 2; 

. [Q/z]Xs^}^n; 

• [Q/z]Yi Mi, for every 1 < i < m. 

From the fact that P =1^ R, and using again Proposition 4 of [6j, we have: 

• [R/z]Xo \ab.b{aab); 

• [R/z]X2 \ab.b{aab)- 
. [R/z]X^ L; 

. [R/z]X^ =^ Hi; 

• [R/ z\X^ GH2 . . . H2(Hin) . . . (Hin) with t occurrences of H2 and r occurrences of 
Hin; 

• [R/z\Xq =^ Pi if s = mod 2; 

• [R/ z\Xq =^ Qi if s = 1 mod 2; 

• \Rlz\X-j =^ Qi if s = mod 2; 

• \Rlz\X'j =^ Pi if s = 1 mod 2; 

• [P/zjXs — n; 

• [P/z]li =^ Mi , for every \ <i <m. 

Observe moreover that because of its construction, has the same form as K (up to 
some T]- reductions). Say = FL^l P^Q^nM^ . . . M+. Moreover, we can freely assume 
that is G(Hin) . . . (Hin) with no occurrence of H2 and r occurrences of Hin. This 
amounts to start with a different term and then perform t /3-reductions of G. By Proposition 
13.31 the copies of H2 are distinct, w.r.t. w-equality, from the copies of Hin. Therefore the 
/^-reduction of G cannot affect the count of the copies of Hin. 

The part of the proof beginning with is a canonical proof of the fact that 
FL2P2Q2'!l^i ■ ■ ■ ]^m, because the cofinality restriction met for LR also works for H'^ . 
Thus the induction hypothesis applies to this proof. 

Now the idea is that r and / have "to be in accordance" by induction hypothesis. On 
the other hand k differs from r only for s cycles of F, and therefore they behave in the right 
way. So the required property is obtained by transitivity. Formally: 

Subcase 2.1. =^ P2, Qf =1^ Q2 and r = I mod 2. 
In case s is even we have Pi P2 and Qi =^ Q2 and k = I mod 2. In case s is odd we 
have k and / with opposite parity and Qi =uj P^ =ui P2, Pi =ui Q2 =uj Q2- 

Subcase 2.2. P+ =^ Q2, Qf =uj P2 and r = 1 + 1 mod 2. 
In case s is even we have Pi =uj Q2 and Qi =^ P2 and k = l + l mod 2. In case s is odd we 
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have k and / with the same parity and Pi =uj Qi =w P2, Qi =w P2 =0; Qi- This completes 
the proof. □ 

Also in this case, by an inspection of the proof, the following stronger result can be 
obtained. 

Lemma 4.6. Suppose that 

• FLiPiQinMi . . . Mm =lu FL2P2Q2nNi . . . has a canonical proof T; 

• Li =1^ G(Hi_n) . . . (Hin), k times, has a canonical proof Ti; 

• L2 =u) G(Hin) . . . (Hin), / times, has a canonical proof T2. 
Then: 

• either k = I mod 2 and Pi =^ P2,Qi =uj Q2 have canonical proofs and, respectively, 

• or k = I + 1 mod 2 and Pi =^ Q2, Qi =u) P2 have canonical proofs TJj and, respectively. 

Here, possibly, k = or I = 0, and max {ord(73), ord(74)} < max {ord(T), ord(7i), ord('72)}- 

□ 



4.1. Well Founded Trees. We assume that we have encoded sequences of numbers as 
numbers, with encoding the empty sequence, (n) is the sequence consisting of n alone 
(singleton) and * is the concatenation function. For simplicity, we shall use these notations 
ambiguously for the corresponding A-terms. We require only that the term y * {z) is in 
/3r/-normal form with zll at its head (this construction can be obtained "making normal" 
a term representing *, see [T3]). 

Our proof of n];-completeness of Xlo is inspired by the argument in Section 17.4 of [1] 
(however, we will substantially modify Barendregt's construction). The starting point is 
the following well known theorem (see [5j Ch.l6 Th.20): 

Theorem 4.7. The set of (indices of) well-founded recursive trees is Yl\-complete. □ 

The idea is now to reduce the well-foundedness of a recursive tree to the equality of 
two suitable terms in Xuj. 

Suppose that we have a primitive recursive tree t with a representing term T such that 

f I if 71 is the number of a sequence in t; 

— ^Pv I K* otherwise. 

Define 

A =def@{Xx.Xa.a{Xy.Ty{Xz.FG{xK{y * {z))) 

{xK*{y * {z)))z)){Xy.Ty{Xz.FG{xK*{y * (z))) 

{xK{y * {z)))z)))K 
B =def@iXx.Xa.a{Xy.Ty{Xz.FG{xK{y * (z))) 

{xK*{y * {z)))z)){Xy.Ty{Xz.FG{xK*{y * (z))) 

ixK{y * {z)))z)))K* 

Clearly: 

A -^l^ Xy.Ty{Xz.FG{A{y * {z))){B{y * {z)))z) 

B -^l^ Xy.Ty{Xz.FG{B{y * {z))){A{y * {z)))z) 
Now we state a corollary to Lemma 14.61 
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Corollary 4.8. // FG{An){Bn)nMi . . . M„ =^ FG{Bn)(An)nNi . . . Nm has a canonical 
proof T then An =^1 Bn has a canonical proof with ord(7i) < ord(T). □ 

Lemma 4.9. If the subtree t(n) of the tree t rooted at n is well-founded then An =^ Bn. 

Proof. By induction on the ordinal of the subtree t(n), which is defined in the natural 
way. Note that if n is not the number of a sequence in the tree then Tn — K* so 
An-^^ll^^Bn. 

Basis. The ordinal is so the tree t(n) contains only the empty sequence. Suppose 
that is the number of the empty sequence. Then 

AQ^*p^\z.FG{A{Q * (z)))(5(0 * {z)))z 

and 

SO \z.FG{B{^ * (2;)))(^(0 * {z)))z 

and if /Jry-converts to a Church numeral then 

Am — >*p^ FGUN — Bm 
and if N does not /3r/-convert to a Church numeral then 
Am -^l^ FG{A{^ * (iV)))(B(0 * {N)))N 

F(G(HiiV))(S(0 * (iV)))(A(0 * {N)))N =^ 
=^ F{GU2){B{0 * {N))){A{0 * (iV)))iV^^^ BON . 
So, by the w-rule, AO =^ BO. 

Induction Step. The ordinal of the subtree rooted at n is larger than 0. We have 
An — >*p^ \z.FG{A{n * {z))){B{n * {z)))z 
Bn — \z.FG{B{n * {z))){A{n * {z)))z 
Now, if N /3?7-converts to a Church numeral, then 

AnN — FG{A{n * {N))){B{n * {N)))N =^ (by induction hypothesis) 
=^FG{B{n* {N))){A{n * {N)))N BnN 
and if N does not /3?7-convert to a Church numeral, then 
AnN FG{A{n * {N))){B{n * {N)))N 

F(G(HiAr))(S(n * {NMAin * {N)))N =^ 
=^ F(GH2)(B(n * {NMAin * {N)))N BnN . 

So by the w-rule An =^ Bn. This completes the proof. □ 

Lemma 4.10. If An =^1 Bn then the subtree t(n) rooted at n is well-founded or n is not 
in the tree t. 

Proof. Consider all canonical proofs of smallest ordinal of An =^ Bn for n in the tree t, 
and assume that the subtree t(ri) rooted at n is not well-founded. Let T be such a proof. 

Case 1. T is a /3?7-conversion. It is easily seen that this is impossible. Indeed, assume 
that An =pri Bn; by the Church- Rosser Theorem a common /3r]-ieduct must exist. 

On the other hand, since n is in t, we have 

An^*^^Xz.FG{A{n* {z))){B{n * {z)))z 
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and 

Bn — Xz.FG{B{n * {z))){A{n * {z)))z . 

However that Xz.FG{A{n * {z))){B{n * {z)))z and \z.FG{A{n * {z))){B{n * {z)))z have 
a common reduct is impossible, considering that A{n * (z)) and B{n * {z)) are not (5r]- 
convertible and at each reduction step of F they are interchanged and a new term Hi is 
generated. So the reducts never have the right "parity" to be identical (see also Lemma 

US}. 

Case 2. T ends in the w-rule. Then for each m, A nm =^ B nm has a canonical proof 
of smaller ordinal. Now 

Amn Xy.Ty{\z.FG{A{y * {z))){B{y * {z)))z)nm 

— >Pri Tn{Xz.FG{A{n * {z))){B{n * {z)))z)m 

— {Xz.FG{A{n * {z))){B{n * {z)))z)m 

— >firi FG{A{n * {rn))){B{n * {m)))m 

and reducing in a similar way B nm , we see that 

FG{A{n * {m))){B{n * {rn)))m=^ FG{B{n * (m)))(A(n * {m)))m 

has a proof of the same (smaller) ordinal. Thus, by Corollary 14.81 

A{n * (m)) =^ B{n * (m)) 

has a proof with the same or smaller ordinal. 

Thus by induction hypothesis, the extension of n * (m) in the tree is well-founded. So, 
every extension of n in the tree is well-founded. Thus the subtree rooted at n is well-founded. 
This contradicts the choice of n. 

Case 3. T has an endpiece. Now, by Proposition 12.71 for each m there exist term 
Ri, . . . , Rk such that we have a canonical proof, with an endpiece of the same rank as T, of 

AnmRi ■ ■ ■ Rk — {Xz.FG{A{n * {z))){B{n * {z)))z)mRi ■ ■ ■ R^ 

— '}ri ■■■ Iri' — BnmRi ■ ■ ■ Rk ■ 
Now consider that this endpiece is A'-canonical. 
So, to equalize 

FG{A{n * {m))){B{n * {rn)))rnRi ■ ■ ■ Rk 

with 

FG{B{n * {m))){A{n * {m)))mRi ■ ■ ■ Rk , 
it is necessary that some of instances of the w-rule, occurring in the endpiece, supplies a 
proof of A{n * (m)) =uj B{n * {rn)). 

To see this consider the particular case when there is only one leaf which is a direct 
conclusion of the w-rule. 

AnmRi ■ ■ ■ Rk — {Xz.FG{A{n * {z))){B{n * {z)))z)mRi ■ ■ ■ Rk — 

,* TJ * . r r r> * tt+ * 

^Pri /37y ^ —1^ *l3r) fB-q ^ 

{Xz.FG{B{n * {z))){A{n * {z)))z)mRi ■ ■ ■ Rk^r,^ 
< — BnmRi • • • Rk ■ 

Since the endpiece is ,^-canonical, it follows that LQ has the form of FG{A(n * {rn))){B{n * 
{m)))mRi ■ ■ ■ Rk and LR has the form of FG{B{n * {'m))){A{n * (m)))mi?i • • • Rk- 
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Now let be any term. By the definition of canonical proof, there is a Af-canonical 
proof, with ordinal less than T, of LQN =^ LRN and therefore a proof with ordinal less 
than T, of 

FG{A{n * {m))){B{n * {m)))mRi ■ ■ ■ RkN =^ FG{B(n * {m)))(A{n * {m)))mRi ■ ■ ■ RkN . 

Again by Lemma 14.51 Lemma 14.31 and Proposition 13.31 A(n* < m >) =^ B{n* < m >) 
has a proof with the same or smaller ordinal as 

FGiA{n * {m))){B{n * {m)))mRi ■ ■ ■ RkN =^ FG{B{n * {m))){A{n * {m)))mRi ■ ■ ■ RkN . 

Thus, by induction hypothesis, the extension of n * (m) in the tree is well-founded. Thus 
every extension of n in the tree is well-founded and again we contradict the choice of n. 

The case with multiple leaves can be treated by induction on the number of leaves, in 
the endpiece, that are direct conclusions of the w-rule. 

Considering such leaves from left to right, and using the fact that the endpiece is X- 
canonical 

• when the left hand side and the right hand side of the leaf have both the form: 

FG{A{n * {m))){B{n * {m)))mRi ■ ■ ■ Rk 

then we move to the next leaf; 

• at some leaf, we must have that the left hand side has the form 

FG{A{n * {m))){B{n * {m)))mRi ■ ■ ■ Rk 
and the right hand side of the leaf has the form 

FG{B{n * {m)))iA{n * {m)))mRi ■ ■ ■ Rk , 
this case is treated as the one above. 
This completes the proof. □ 
We have thus proved: 

Proposition 4.11. An =u Bn iff the subtree t(n) rooted at n is well-founded or n is not 
in the tree t. □ 

Proposition 4.12. (Main Theorem) The set {{M,N)\M =^ N} is U\-complete. 

Proof. It easy to see that equality in Xto is On the other hand, given any recursive tree 
t construct the terms A and B (observe that the construction is effective and uniform on 
(the term T representing) t). Then use Proposition 14. Ill to determine {via equality in Xuj) 
if t = t(0) is well-founded. □ 
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